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We observed the accelerated tin whisker development under non-destructive gamma-ray and x-
ray irradiation and determined the characteristic range of radiation doses 20-30 KGy, for which
that effect becomes significant. We were able to change the radiation induced whisker growth by
electrically disconnecting some parts of our experimental setup thus demonstrating the electrostatic
nature of the accelerated whisker development. The observed acceleration factors make the ionizing
radiation a potential non-destructive and readily implementable accelerated life testing tool.
I. INTRODUCTION
Spontaneous growth of thin hair-like protrusions with
high aspect-ratios, called whiskers, was observed for
many technologically important metals, such as tin, zinc,
cadmium, and others.1,2 Whiskers present a serious re-
liability problem due to their caused random electrical
shorts in a wide range of technologies from consumer mi-
croelectronics to military and space applications. De-
spite significant research effort devoted to the problem
to this day there is no commonly accepted mechanism of
whisker development. That lack of understanding makes
it difficult to develop reliable accelerated life testing pro-
cedures that, while direly needed in industry, remain
disputable.3,4
A recently proposed electrostatic theory5,6 offers a
unique mechanism of whisker development with predic-
tions encompassing many whisker observations. More-
over, based on that theory of electrostatic interactions,
one can design certain approaches to accelerated test-
ing in strong electric fields. Indeed, accelerated whisker
growth under electric fields was observed.7–9
A related effort was devoted to acceleration of whisker
growth under ionizing radiation sources, such as 6 MeV
electron beam10 and 0.4 MeV gamma-rays11 capable of
inducing electric fields by electrically charging the glass
substrate underlying a tin film. We note that radiation
effects on whisker growth have been observed ∼50 years
ago and remained unexplained.14
Here, we additionally explore the effects of ionizing
radiation on tin whisker development with a goal of ver-
ifying the hypothesis of their underlying electrostatic in-
teraction. A central argument will be that while our
used radiation fields are not capable of structure modi-
fications, they accelerate tin whisker development by or-
ders of magnitude; hence, ionization and its related sub-
strate charging10–13 becomes the culprit. In order to ver-
ify that hypothesis, we studied the dependence of whisker
development rates on the ionization rate by designing ex-
periments where samples received different radiation in-
tensities. Furthermore, to verify the role of electrostatic
interactions we implemented a design where a part of the
sample was screened against radiation yet remaining elec-
trically connected to the exposed part. To describe the
electrostatic effects for the case of laterally nonuniform
charge generation (including partial sample screening) we
solved its related electrostatic problem and compared the
results to our experimental data.
Our paper is organized as follows. In Sec. II we pro-
vide the details of the experiments and statistical anal-
ysis carried out to generate the results. In that same
section, we present a mathematical solution to the elec-
trostatic problem of field generation in the electrically
connected system with laterally non-uniform charge gen-
eration. Sec. III details the main findings and outcomes
of our study. The significance of our results and com-
parison with previous work is presented in Sec. IV. Fi-
nally, Sec. V highlights the novelty and significance of
our study, and plans for future relevant work.
II. METHODS
A. Samples
Thin-film Sn samples were deposited on 3-mm thick
soda-lime glass substrates coated with transparent con-
ducting oxide (TCO, specifically, SnO2:F with nominal
15 Ohm/square sheet resistance; TEC-15 glass from Pilk-
ington), illustrated in Fig. 1. This type of substrate
supports good film adhesion with various deposition ap-
plications. It was proven earlier that Sn films deposited
on such substrates can grow whiskers at hight enough
rates.7–10 We followed our standard protocol where sub-
strates cut into 3x6 cm2 pieces are washed in cleaning
solution (Micro-90), then rinsed with de-ionized water
(DI), followed with ultra-sonication bath in acetone for
25 min, and, finally, with ultra-sonication bath in DI for
25 min. In between these steps, the surfaces are blown
dry with nitrogen.
The following experiment was designed to verify the
electric nature of whisker driving force. Fresh Sn samples
were prepared by vacuum evaporation of 99.999% pure Sn
(from Kurt J. Lesker) from tungsten boats; the detailed
fabrication process steps are described in Ref. 8. Sn
layers of 250±25nm thickness were deposited at a growth
rate of 2-4 A˚/s through stainless steel masks, resulting
in a set of 5 mm wide Sn strips separated by of ∼ 1cm
distance, as illustrated in Fig. 2, over continuous TCO
coating. Each Sn strip was electrically disconnected with
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2a set of parallel isolation TCO-eliminating scribe; this
was confirmed through measurement of infinite resistance
between the isolated parts.
For comparison, some tin films were deposited on a
bare glass surface opposite to TCO to be exposed to the
same type of radiation.
We also used a set of ‘mature’ Sn thin-film samples,
about the same thickness, rf-sputtered on the same TEC-
15 glass substrates 3 years prior,10 already showing sig-
nificant whisker growth before irradiation. For both fresh
and ”mature” samples the Sn film thickness was far be-
low the typical micron range of efficient whisker growing
film thickness.1
FIG. 1: A sketch of the sample structure
glass/TCO/polycrystalline Sn (not to scale) under irra-
diation always from the substrate (glass) side that is charged
due to striking the electrons.
.
B. Radiation sources and design
Two types of radiation sources were utilized: lower
energy gamma-rays and higher energy x-rays. We note
that both gamma- and x-rays are sources of photons,
the distinction is made based on their origin corre-
spondingly from either nuclear disintegrations (radioac-
tive decay) or high-energy electron interactions with nu-
clei (bremsstrahlung). For irradiation of a fresh Sn film
sample we used gamma-ray source of Ir-192 clinical high-
dose rate (HDR) afterloader (VariSource, Varian Medical
Systems). That source is poly-energetic, with the aver-
age photon energy ∼380keV (beta particles emitted by
the source are fully absorbed by Ni-Ti alloy encapsulat-
ing the radionuclide core), and ∼74 days half-life.15 The
corresponding photon attenuation in a very thin Sn film
is negligible (interaction probability ∼ 10−7), while the
glass substrate attenuates a few percent of the photon
beam over its 0.3 cm thickness.22 The source of linear
dimension of ∼3 mm, was used at multiple dwell posi-
tions 5 mm apart along a straight line, which makes it
effectively a line source positioned through the center of
the sample, parallel to its shorter dimension, as shown in
Fig. 2.
FIG. 2: A sketch of the gamma-ray irradiation geometry: line
source located in the middle of the sample (red dashed cylin-
der); a dose fall-off from a line source follows 1/r law, shown
with labeled isodose lines at locations of metallized Sn strips.
All strips were electrically disconnected along the shown iso-
lation scribes (additional central scribe coincides with the po-
sition of the source).
.
Samples were irradiated to dose levels of 10, 20 and 30
kGy (1 Gy=1 J/kg, ”gray”, is SI unit of radiation dose) at
the central strips location. The distances from the strips
to the gamma-ray source (of linear dimension of ∼3 mm)
were significantly different ranging from ∼ 1 to ∼ 3 cm,
so the strips received the correspondingly different doses,
following 1/r dose fall-off with the distance r, as illus-
trated in Fig. 2. The required HDR source dwell times
were calculated using BrachyVision treatment planning
system. The control sample was stored under controlled
lab conditions for the experiment duration, with the ex-
ception of being periodically transported for imaging.
The dose was delivered in multiple irradiation sessions
of 2-4 hours per 1 kGy. It was verified in our previous
work10 that sample electrization decayed very fast upon
cessation of irradiation. Hence, the integral time of elec-
tric field exposure was calculated as the sum of that of
irradiation sessions time intervals (see also the discussion
in Sec. IV).
To further elucidate the role of photon-induced elec-
tric field we conducted an experiment in which half of
the irradiated sample was shielded with lead to bring the
photon intensity down to less than 1/10th of the unob-
structed source. Since use of the gamma-ray source was
not feasible for such an experiment due to prohibitively
long irradiation times, we used a significantly higher dose
rate source of a medical linear accelerator (linac) produc-
ing x-ray spectrum with the maximum energy of 10 MeV
and the average energy close to 1 MeV (a flattening-filter
free, or 10FFF, source).
A 10FFF photon beam of a Varian Edge linac with the
dose rate of 24 Gy/min at the reference depth was used
for a partial shielding experiment. Samples were placed
3FIG. 3: A sketch of the x-ray irradiation geometry with shield-
ing: the photons are coming from the top down. They can
be shielded by a significant lead block for a half of a sample,
while another sample is left unshielded.
.
glass substrate side up at the closest possible position
from the source (∼ few cm from the gantry to accommo-
date the lead blocks used for partial shielding) to further
increase the dose rate; the irradiation geometry is illus-
trated in Fig. 3. This resulted in irradiation times of
3.2 hours to achieve 10 kGy dose in glass substrate of
the fully irradiated sample (compare to 20 to 40 hours
required with the gamma-ray source of the HDR unit).
Two samples were placed under the beam: one fully ex-
posed and one half-shielded, where the lead shield of the
total thickness of 8 cm was used to cover half of the sam-
ple (a tenth-value layer of lead under a typical 10 MV
linac beam21 is ∼ 6 cm) while exposing the other half to
the same beam intensity as the fully irradiated sample.
The control sample was stored under lab conditions for
the duration of experiments.
For this round of experiments we used the ‘mature’ Sn
thin-film samples with significant whisker coverage before
irradiation (0kGy). Whisker statistics for this experi-
ment was collected similarly to the set irradiated under
gamma-rays. All three samples, control, fully irradiated,
and half-shielded (shielded and not shielded halves ana-
lyzed separately) were imaged before irradiations, or at
0 kGy, and after 10, 20, and 30 kGy dose levels were
achieved for irradiated samples.
Here we address a question of the probability of atomic
displacements in Sn film, and related potentially damag-
ing effect of our high-energy radiation sources, in the un-
likely event of photon absorption in the film itself. The
primary photon interaction with samples for both sources
is Compton scattering, resulting in the energy transfer to
an electron, set in motion after the interaction. For the
utilized gamma-ray spectrum (the average energy of 0.38
MeV and maximum energy below 1 MeV)15. The average
energy received by Compton electron is approximately
40% of the source photon energy,16 and is never higher
than its maximum energy. The energy transferred to an
atom is smaller than the electron energy by the ratio of
the electron to atom masses, ∼ 4×10−6. As a result, the
atom receives <1eV on average and cannot receive more
than 4eV, a value well below the displacement threshold
energy estimated for Sn as 22±2 eV.17,18 Other mecha-
nisms of energy transfer are even less efficient.19 For the
x-ray source (the average energy of 1 MeV and maximum
energy 10 MeV) the average electron energy received is
approximately 50% of the source photon energy, leading
again to <1eV on average, but this time ∼ 40 eV maxi-
mum energy transferred to an atom. While the latter es-
timate makes atomic displacements possible in principle,
their probability is vanishingly small. Thereby our used
radiation sources do not produce detectable atomic dis-
placements, and are suitable for non-destructive whisker
propensity testing.
C. Imaging
A scanning electron microscope (SEM), Hitachi S-
4800, was utilized as a primary characterization tool for
metal film surface imaging. It was operated in secondary-
electron mode with acceleration voltage of 5 kV in or-
der to limit the observations to the film surface. SEM
imaging of the irradiated samples were conducted by the
following schedule: before irradiation (0 kGy), and af-
ter receiving 10, 20, and 30kGy total dose. The control
sample was imaged together with irradiated samples re-
ceiving their next 10kGy dose, on average once a week;
the overall experiment duration was ∼ 30 days.
For each sample we collected 40 SEM images per dose
level (0, 10, 20, and 30kGy), imaging areas were ran-
domly selected for each imaging session. Whiskers were
counted in all collected images, and the ImageJ software
package was used to measure the lengths of all metal
whiskers identified on sample surfaces. The whisker
FIG. 4: An SEM image of the longest observed whisker for
the sample irradiated to 30kGy, Strip 4.
.
4length was measured as a sum of straight portions for
whiskers with complex shapes.
For a gamma-ray irradiated sample we processed im-
ages from three different regions, based on their prox-
imity to the source and the average dose level received
(100%, 40%, or 20% of the total dose). A representative
SEM image of the area with the longest observed whisker
is shown in Figure 4 taken after 30kGy dose delivered to
Strip 4 (central region).
D. Theoretical methods
When thin TCO layer is put on the top of a sub-
strate containing a nonuniform charge density, its free
charge carriers can non-uniformly rearrange themselves
thus partially screening the substrate generated field as
illustrated in Fig. 5. Here we consider that effect more
quantitatively to show how that screening cancels the
nonuniform part not affecting the average (uniform) com-
ponent of the field. For simplicity, we assume a one-
dimensional lateral nonuniformity in substrate charge
density, g(y).
We present the TCO charge density as ρav + ρ(y) thus
separating the average values and the nonuniform com-
ponents, whose integral value is zero,
∫
ρ(y)dy = 0. The
shape ρ(y) is determined by the condition that the tan-
gential component of the electric field is zero. We explore
the latter condition starting with the case of a point
charge q in the substrate (see Fig. 6). Next, we will
determine the field due to a straight line FC, and then
that of the charged plane ABDE. We take into account
that the TCO thickness h is much smaller than that of
substrate, h H.
FIG. 5: A sketch of the TCO charge carrier distribution in
response to the electric field of the underlying substrate. The
free carriers are chosen to be negative; the positive back-
ground remains intact. Left: uniform substrate field. Right:
a nonuniform field causing the free carrier redistribution.
.
We use the standard result for the surface charge den-
sity induced by a point charge in a metal surface,
ρq(x, y, z) = − zq
2pi(x2 + y2 + z2)3/2
. (1)
Setting q → g(y)dxdydz where g is the charge density in
the substrate, and integrating over z from 0 to H yields
the charge density due to a linear charge of cross-section
dxdy coaxial with FC,
dρFC = − 1
2pi
[
1
(x2 + y2)1/2
− 1
(x2 + y2 +H2)1/2
]
gdxdy.
(2)
Integrating over x from −∞ to ∞, yields the surface
charge density induced by the flat plate ABDE of thick-
ness dy at distance y,
ρABDE = − 1
2pi
ln
(
y2 +H2
y2
)
gdy (3)
From Eq. (3), the TCO charge density distance y from
the center of the sample of length L (in y−direction) is
given by,
ρ(y) = − 1
2pi
∫ L/2
L/2
ln
[
(y′ − y)2 +H2
(y′ − y)2
]
g(y′)dy′. (4)
where L is the length (along y-axis) of the sample. Ac-
cording to the Appendix, the integrand is reduced to the
delta function, 2piHδ(y′ − y) when H  L, yielding
ρ(y) = −g(y)H (5)
Therefore, the nonuniform part of the screening surface
charge density ρ(y) is the same in absolute value and op-
posite in sign to the substrate non-uniformity canceling
exactly the substrate nonuniform charge density g(y)H.
We conclude that the nonuniform component of the elec-
tric field is shielded completely by the TCO layer.
The latter derivation and conclusion assumes electri-
cally neutral conductive TCO layer, so that
∫
ρ(y)dy =
− ∫ g(y)dy = 0. An alternative condition can be that
of the grounded TCO allowing charge accumulation and
total screening of the substrate charge. That latter con-
dition is of no interest here as not corresponding to the
experimental setup used in this study.
FIG. 6: A geometry of the substrate -TCO system showing
the point charge generating the field at radial distance r in
TCO, the vertical line FC composed of such point charges,
and the charge plane ABDE composed of the line charges.
.
5III. RESULTS
As a general observation, exposure to radiation in-
creased whisker propensity in all of our experiments.
We should note however that the radiation stimulated
whisker development revealed itself upon a certain delay
of weeks since the radiation exposure. A similar phe-
nomenon was noticed in the pioneering work14 and our
previous research.11
Using setup of Fig. 2 without electrically insulating
scribes between the stripes, we observed whisker den-
sity and length not correlating with the proximity to the
radiation source, but dependent only on the total irra-
diation dose received by the sample, similar to our pre-
vious experiment.11 SEM scans of samples before irradi-
ation, conducted within a week from sample deposition,
revealed no whiskers; whiskering was first observed af-
ter irradiation to 20kGy, further enhanced after the final
dose of 30 kGy was delivered.
It would be natural to assume that the non-uniform
irradiation of the Fig. 2 setup should result in the cor-
respondingly nonuniform distribution of whiskers, seem-
ingly contradicting their observed uniform generation.
That contradiction is resolved by assuming the electric
field dominated whisker development and taking into ac-
count the field screening due to the electrons in the TCO
layer below Sn strip regions. The electrostatic calculation
in Sec. II D shows indeed that free charge carriers in TCO
rearrange themselves to fully screen the nonuniform field
component while not affecting the average (uniform) field
perpendicular to the substrate. We relate the latter to
the observed significant acceleration of whisker growth.
A whisker statistics summary for gamma-ray irradia-
FIG. 7: Summary whisker statistics for the sample irradiated
under gamma-rays to 20 and 30kGy doses, grouped by loca-
tion on a corresponding electrically insulated Sn film strip.
Frequency count for whisker density, 1/mm2.
.
FIG. 8: Whisker length statistics: central region irradiated to
30kGy, side regions irradiated to the average dose of 10kGy.
Data for control sample evaluated at the same time is in-
cluded. The curves correspond to the log-normal fits.
.
tions obtained with the setup of Fig. 2 with electrically
insulating scribes between the strips is presented in Fig.
7 in a form of ‘frequency counts’. We observed whisker
growth significantly accelerated under irradiation, with
both whisker average density and length affected. The
latter is illustrated in Fig. 8 accompanied with the log-
normal fits standard of tin whisker statistics.20 Side re-
FIG. 9: Summary of the whisker density statistics for samples
irradiated under 10FFF x-ray beam. Control sample, Fully
irradiated, and Half-shielded (represented by two data sets
labeled as ‘Shielded’ and ‘Not shielded’). Image analysis at
0, 20, and 30kGy of radiation dose, corresponding to initial,
and weeks 3 and 4 time intervals for the control sample.
.
6gions (strips 1, 2, 5, and 6) received about one-third of
the dose delivered to the central region (strips 3 and 4).
We grouped sample statistics based on those two loca-
tions, which demonstrated noticeably different growth
rates. (A sample of the longest observed whisker is shown
in Fig. 4 against the background of the thin film poly-
crystalline texture.) While the control sample also grew
some whiskers, most of them were order of magnitude
shorter, almost at the level of ‘nodules’. These obser-
vations are fully consistent with the hypothesis of elec-
tric field dominated whisker development where the field
strength correlates with the radiation intensity received.
For the x-ray ‘shielding’ experiment of Fig. 3, our
results are presented in Fig. 9. Again, four doses of
radiations were incrementally applied: 0 kGy (i.e. be-
fore exposure), 10 kGy, 20 kGy, and 30 kGy (we omitted
10kGy dose results as not leading to statistically signifi-
cant changes compared to 0 kGy). Each increment took
certain time determined mostly by the equipment avail-
ability. Therefore, by referring to those 4 doses, we si-
multaneously refer to the 4 time instances when whisker
imaging were performed.
The above 3 doses/times apply to 4 nominally identical
samples used. They are defined as follows. The control
sample presented in Fig.9 by the group of measurements
was never exposed to radiation. However its whisker con-
centration was measured 4 times upon the completion of
the 4 stages of irradiation of other samples.
The ‘Fully irradiated’ sample went through all 4 radia-
tion exposures without any shielding and 4 examinations
of its whisker concentration were performed. Finally,
as depicted in Fig. 3, yet another sample was partially
shielded. Its irradiated and shielded halves were counted
as a separate sample corresponding to two groups of mea-
surements each shown in Fig. 9.
We recall that all the samples in this experiment were
not freshly fabricated (‘mature’) and had a certain con-
centration of whiskers grown prior to the experiment.
Our interpretation of the data in Fig. 9 is presented
in Sec. IV next.
Finally, as a ‘side’ result, we would like to mention our
observation of whiskers on the irradiated tin films de-
posited on the bare glass surfaces mentioned in Sec. II
and illustrated in Fig. 10. While we did not systemati-
cally studied such samples here, that observation may be
of interest as demonstrating the versatility of substrate
types compatible with tin whisker growth.
IV. DISCUSSION
The data in Fig. 7 indicate that electrically discon-
nected tin strips grow whiskers in concentrations corre-
lated with the radiation dose received and varying be-
tween the strips as opposed to the earlier studied case of
the electrically connected (without scribes) strips.11 That
fact is consistent with our theoretical methodology of Sec.
II D showing how a laterally nonuniform substrate charg-
FIG. 10: Representative SEM images of Sn film deposited on
bare glass with whiskers growing under gamma-ray irradia-
tion. Bright strip in the bottom image shows the bare glass
region where the film pilled-off.
.
ing results in a laterally uniform electric field due to the
free carriers rearrangement in TCO. The whisker length
statistics in Fig. 8 shows that the observed whiskers are
close to the typical ones. Along with the fact that the
radiation used was too soft for structural transformations
and could only ionize the material, these data testify in
favor of the electrostatic dominated whisker growth.
The data of Fig. 9 can be attempted along similar
lines. The half shielded sample will acquire a half of sub-
strate charges compared to the fully irradiated one. Fol-
lowing the results of Sec. II D, its generated field will be
determined by the average charge concentration, which
because of the half shielding, will be two times lower
than that of the fully exposed sample. We therefore ex-
pect that the field generated in both the unshielded and
shielded halves (belonging to the same sample) should be
two times weaker than that of the fully exposed sample.
The above paragraph interpretation predicts a maxi-
mum number of whiskers on the fully exposed sample,
a minimum on the non-exposed (control) one, and then
intermediate comparable numbers on the half exposed
and screened samples. These predictions are mostly con-
firmed by the data in Fig. 9 with the exception that the
half exposed and screened samples are not on par. There
are several conceivable explanations for the observed dif-
ferences between the shielded and unshielded halves. For
example, irradiation can generate additional free carriers
7FIG. 11: Dose rate dependence of the acceleration factors
calculated based on whisker density statistics for Sn samples
irradiated under gamma-ray source and 10FFF x-ray beam in
this study, and Zn film samples under 6MeV electron beam
from [9].
.
unaccounted for in our theoretical analysis of Sec. II D,
or some effects of structural damages under high energy
photons can contribute to whiskering.
The significance of our results is twofold. For one,
they experimentally verify the electrostatic model of
tin whisker development thus pointing at possible ‘elec-
trostatic ways’ of their mitigation, such as developing
electrically active surface treatments, enforcing system
grounding, etc. On the other hand, our results bring
up possible issues with tin whisker developments in
radiation-active environment, such as space applications
or electron accelerators. Finally they point at a possible
accelerated testing for whisker propensity using ionizing
radiation.
For the latter venue, we quantify the effect of radiation
induced electric field on whisker growth using the whisker
creation rate defined as
R =
number of whiskers
area× time =
whisker density
time
(6)
Here, we distinguish between Rspon - spontaneous cre-
ation rate, with no external field applied, and Rstim -
stimulated by applied external electric field, generated
under gamma-ray irradiation. We define the acceleration
factor
a ≡ Rstim/Rspon, (7)
which can be numerically estimated as a ∼ 55 for the
central strips receiving 30kGy under gamma-ray irradia-
tion. This value is very close to a∼ 52 obtained in our
previous experiments under the same source.11 For the
x-ray irradiation the acceleration factor is several times
higher, getting as high as ∼ 246 for fully irradiated sam-
ple. Comparing the latter result with those previously
measured for tin and zinc samples under 6 MeV elec-
tron beams,9,10 we point out similar values of accelera-
tion factor observed under x-ray beam irradiation here.
Summarizing all mentioned studies we note an evident
dose rate dependence illustrated in Fig. 11 for the three
ionizing radiation sources (regardless of the possible dif-
ferences in beam quality). We attribute the dose rate
dependence to the radiation charging capacity, resulting
in lower sustained electric fields during irradiation. The
final achieved total dose levels are close to 30kGy in all
three experiments (∼ 26 kGy under the 20-hour electron
beam irradiation of reference9,10).
From a practical standpoint that acceleration means
growing whiskers under high-energy photon (x- or
gamma-ray) or electron sources should take one-two
weeks rather than years.
V. CONCLUSIONS
The following conclusions can be made:
(1) We experimentally observed the accelerated Sn
whisker growth under non-destructive gamma-ray and x-
ray irradiation and determined the characteristic range
of radiation doses 20-30 kGy, for which that effect be-
comes significant.
(2) We were able to change the radiation induced whisker
growth by electrically disconnecting the parts of our ex-
perimental setup thus demonstrating the electrostatic na-
ture of the accelerated whisker development.
(3) By observing the delayed kinetics of radiation induced
whisker development, we conclude that it affects mostly
the whisker nucleation stage.
(4) The observed acceleration factors make the ionizing
radiation a potential non-destructive and readily imple-
mentable accelerated life testing tool. The observed dose
rate dependance further confirms the electrostatic nature
of the whisker growth acceleration.
Appendix A: δ-function
One property of the δ-function is obvious:
lim
H→0
1
2piH
ln
z2 +H2
z2
= 0 when z 6= 0. (A1)
Integrating by parts renders its other property:
lim
H→0
1
2piH
[
z ln
z2 +H2
z2
|∞−∞ + 2
∫ ∞
−∞
H2
H2 + z2
dz
]
=
lim
H→0
1
2piH
2H2
1
H
arctan
z
H
|∞−∞ = 1. (A2)
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